The uniqueness of several 2D inverse problems for incompressible nonlinear hyperelasticity is studied. These problems are motivated by elastography, in which one is given a measured deformation field in a 2D domain and seeks to reconstruct the pointwise distribution of material parameters within . Two classes of models are considered. The simpler class is material models characterized by a single material parameter exemplified by the Neo-Hookean model. The second class of material models considered is characterized by two material parameters, and includes a simplified Veronda-Westmann model, a Blatz model and a modified Blatz model. Consistent with the results in linear elasticity, we find that significantly fewer data are required to determine the material properties under plane stress conditions than under plane strain conditions. The results show that, roughly speaking, one needs one measured deformation for each material parameter sought under plane stress conditions, and twice as much data for plane strain conditions.
Introduction
It is widely recognized that pathologies affect the mechanical properties and the stiffness of tissues. Indeed, abnormal soft tissue is often stiffer than normal tissue. Elastography [1] has developed as a novel medical imaging technique to image tissue pathologies on the basis of altered mechanical properties. The technique works by imaging the tissue, using ultrasound, MRI, or other phase sensitive techniques, while it is being deformed by an externally applied or internal motion (cardiac cycle for example). Image and signal processing methods are used to infer the displacement (or sometimes velocity) field everywhere in the region of interest from the sequence of deformation images thus obtained. Different quantities may be extracted from the measured deformation to produce different types of images, with axial-strain images being the most common.
Rather than displaying certain measures of the deformation, however, one may use the measured displacement fields as an input to an inverse problem to quantify the tissue material properties. That is, given the measured displacement fields, an assumed form of the tissue's constitutive equation and the law of conservation of momentum, an inverse problem for the material parameters may be formulated. In some cases, the relevant inverse problem is associated with incompressible elastostatics (e.g. [2] [3] [4] [5] [6] ), while in others incompressible elastodynamics (e.g. [7] [8] [9] [10] [11] [12] [13] [14] ) is more relevant. Very often, further assumptions are made in order to simplify the problem. We note that since interior data are available here, the inverse problems considered are quite different in character from the perhaps more typical inverse scattering or tomography problems in which only boundary data are available.
Ex vivo measurements of breast and prostate tissue reveal that in addition to the linear properties, nonlinear elastic properties may be useful in differentiating benign and malignant tumors [15] [16] [17] [18] . In particular, in [16] , it has been observed that fibroadenomas (benign tumors) and invasive ductal carcinomas (IDC) (malignant tumors) cannot be distinguished at small strains but at large strains they are clearly distinguishable. Indeed, they have a similar elastic modulus at small strain but at large strain it differs by a factor of about 2.5 with IDC being stiffer. Similarly, it has been observed that at small strains the shear modulus of ductal carcinomas in situ (DCIS) (malignant tumors) is close to the one of glandular tissue (healthy tissue), while at large strains DCIS is stiffer by a factor of about 8. This opens up the possibility of using nonlinear elasticity imaging in order to diagnose breast tumors. While there is a large collection of work in linear elasticity imaging, there have been just a few studies on imaging the nonlinear properties of tissue. One of these is presented in [19] , where the authors accounted for geometric nonlinearities in the strain, but model soft tissue as a linear elastic incompressible material. Their analysis accommodates for large deformations, but assumes a linear stress-strain relation. More recently, in [20, 21] , the authors developed iterative nonlinear elasticity imaging algorithms for compressible and incompressible materials accounting for large deformations and a nonlinear stress-strain relation. Thus the authors accounted for geometric nonlinearities in the strain and model soft tissue as a nonlinear elastic incompressible material. In [22] , they demonstrated the feasibility of imaging the nonlinear properties of tissue in vivo.
This paper is concerned with the uniqueness of such inverse problems. The uniqueness of the inverse problem for compressible, time-dependent linear elasticity was studied in [23] . That reference demonstrates the unique identifiability of both Lamé coefficients and the density from time-dependent displacement data. The analysis depends upon the finite travel time of elastic waves in the material, and hence it is inapplicable to incompressible materials or compressible materials in which the observed data are quasistatic deformations. An analysis accommodating quasistatic or time-dependent data for compressible linear elasticity was studied in [24] . That paper also highlights the distinctions between the inverse problems for incompressible and compressible linear elasticity. An important special case considered therein is plane stress incompressible linear elasticity. It was found that the structure of the plane stress inverse problem was quite distinct from that of the inverse problem for plane strain incompressible linear elasticity, studied in [25] . In this paper, we study the uniqueness of the elastography inverse problem for several models of incompressible nonlinear hyperelasticity. We focus on quasistatic planar deformations and consider both plane stress and plane strain cases.
In the following section of this paper, we review the necessary field equations of incompressible nonlinear elasticity to formulate the inverse problem. This is followed by a description of the material models considered here. We consider two classes of incompressible material models, those involving one material parameter and those involving two material parameters. In both cases, we choose the representation so that one of the parameters, μ, represents the shear modulus at zero strain. In the two-parameter case, we introduce a second parameter γ to represent the degree of nonlinearity of the material. The single-parameter case considered is the Neo-Hookean model. The three two-parameter cases considered all exhibit exponential stiffening and have been proposed in the literature as models of soft-tissue behavior. They are a Veronda-Westmann model [26] , a Blatz model [27] and a modified Blatz model [21] .
In section 3, the special forms of the constitutive equations that result from the different material models in plane stress and plane strain are derived. These are used in the formulation of the inverse problem which is introduced in section 4. This section has the main new results of this paper. This is followed by a section with some analytical examples demonstrating our results. Finally, the results of the analysis are summarized in the conclusion section.
Basic equations for nonlinear elasticity
In continuum mechanics, the motion of a deformable body is described by the vector function
where X is the position vector of a particle P of the continuous medium in the reference configuration C 0 (undeformed state) and x is the position vector of the same particle in the configuration C t at time t, also referred to as the current configuration (deformed state).
To describe the deformation of a body, one usually introduces the deformation gradient tensor F
Here, we adopt the convention in continuum mechanics to denote partial differentiation by a comma. Associated with F are the tensors C and B known as the right and left Cauchy-Green strain tensors, respectively, and are defined as
In components, using Cartesian coordinates, these are 5) where u = x − X denotes the displacement of a particle and u i, j (u i,A or u A,B ) denote the components of the spatial (material) displacement gradient. The tensors B and C are symmetric, positive definite and have the same principal invariants
4)
Of course, in (2.6), B could be replaced by C. The Jacobian associated with (2.1) is
and is assumed to be strictly positive. The Jacobian J is a measure of the change in volume under a deformation, i.e. it is the ratio between a volume element in the current configuration and the corresponding volume element in the reference configuration.
Some materials can sustain large deformations without appreciable volume change. These materials are called incompressible materials, and we idealize this property by postulating the constraint
Here, we will consider incompressible materials. An isotropic hyperelastic incompressible material is characterized by a strain energy function which depends on the first and the second principal invariants of the strain tensor B (or C):
Once the form of the strain energy function W is known, the constitutive equation for the stress as a function of strain is determined by (see for example [28] )
where 11) and where π is a scalar related to the pressure. Note that σ is known as the Cauchy stress tensor and is symmetric by virtue of conservation of angular momentum.
Material models considered
In this paper, we will consider two classes of incompressible material models: those involving one parameter and those involving two parameters. In the single parameter case, we choose the representation so that the single parameter, μ, represents the shear modulus at zero strain. In the two-parameter case, we choose the representation so that one of the two parameters is again μ, the shear modulus at zero strain, while the second, γ , represents the degree of nonlinearity of the material.
2.1.1. One-parameter model. First, a one-parameter material model, the Neo-Hookean model, is considered. These materials are characterized by a strain energy function of the form
where μ is the material shear modulus at zero strain. The corresponding Cauchy stress tensor σ is given by
We note that this material model may be regarded as representative of a larger class of models in which W = μ f (I 1 ), with
Two-parameter models.
Here we consider three distinct but related models all characterized by two material parameters. They were all originally proposed to characterize the observed exponential stiffening of soft tissue with applied strain. They have the desirable property of describing the nonlinear behavior with only two parameters. The first we consider is a (slightly simplified) Veronda-Westmann model. In [26] , the following strain energy function is proposed for incompressible tissues: 14) where c 1 , c 2 and β are constants. As a special case of the above model, they propose the simplification c 2 = −c 1 β [26] . Redefining the constants appearing in (2.14) (β = γ , c 1 = μ γ , c 2 = −μ) leads to a strain energy function of the form
Here, μ is the material shear modulus at zero strain, and γ represents its degree of nonlinearity. The corresponding Cauchy stress tensor σ is given by [27] . This strain energy function is given by
Here, μ is the material shear modulus at zero strain, and γ represents its degree of nonlinearity. The corresponding Cauchy stress tensor σ is given by
In the contemporary biomechanics literature, this model is often referred to as the 'Fung model,' and is cited in [29] . The present authors can find no mention of this model in [29] , nor any stress-stretch relation consistent with it. In [29] , however, we find a number of exponential stress-stretch relations proposed. 3) . Hence, the third model we shall consider is a modification of the Blatz model to remove this drawback, motivated by [30] . These materials are characterized by a strain energy function of the form [21] 19) where μ is the material shear modulus at zero strain and γ represents its degree of nonlinearity. The corresponding Cauchy stress tensor σ is given by
Since here we will consider incompressible materials in 3D, we impose the constraint J = 1. Therefore, the Cauchy stress tensor (2.20) simplifies to
We note that the Cauchy stress tensor of the Veronda-Westmann (VW), the Blatz model (B) and the modified Blatz (MB) may be written as For all cases, the equilibrium equation, or balance of linear momentum over each part of the material in the spatial configuration, is given by
Here, ∇· denotes the divergence operator with respect to x, the spatial coordinates, and f represents the body force per unit volume (e.g. gravity) that is exerted on each point of the solid. We here assume that f = 0. For the forward problem, some appropriate displacement (Dirichlet), traction (Neumann) or mixed (Robin) boundary conditions are necessary. In the inverse problems considered below, we consider the displacement field to be given and continuous; thus, the corresponding Dirichlet data for the forward problem are known.
Two-dimensional incompressible hyperelasticity formulations
In elasticity imaging applications, data are often collected in a plane. Therefore, it seems beneficial to reduce the three-dimensional (3D) theory presented above to a two-dimensional (2D) theory. In this paper, we will consider two approximations frequently used, the plane stress and the plane strain approximations. Therefore, we now consider a 2D elastic solid occupying a region denoted by and with a boundary denoted by . We let u(x, y) ≡ u(x) denote the displacement field as a function of the spatial coordinate x.
2D plane strain
The plane strain approximation is used to describe a body which is much larger in one direction compared to the others, i.e. which is infinite in extent in one direction, typically the z-direction. This approximation assumes that all out-of-plane strains are zero, which implies
2)
When the body is infinite and the loading is uniform in the z-direction, it is exact. Due to the plane strain assumption, the deformation gradient tensor F (2.2) and the left Cauchy-Green strain tensor B (2.3) 2 will be such that Hence the 3D Cauchy-Green strain tensor B may now be written as
Here, we have introduced the notation B that is the 2D Cauchy-Green strain tensor. That is, the matrix representation of B in Cartesian coordinates is the upper (2 × 2) block of the matrix representation of B. Therefore, the incompressibility condition (2.8) implies that
This shows that within the plane strain assumption, a material which is incompressible in 3D is also incompressible (i.e. area preserving) in 2D.
The special form of B resulting from the plane strain assumption (3.5) leads to simplified expressions for its invariants. In particular, the relation between the invariants of the 3D B and of the 2D plane strain tensor B are given by
We note, in particular, the interesting observation that I 1 = I 2 for all incompressible materials in plane strain. In plane strain, the constitutive equations (2.22) and (2.24) have precisely the same form as in 3D with each tensor appearing replaced by its 2D counterpart. Thus, (2.22) becomes
in all the cases, and
1, E = 0 in the MB case.
The equilibrium equation (2.25) remains similarly unchanged in form.
2D plane stress
The plane stress approximation is used to describe a body which is much thinner in one direction, typically the z-direction, compared to the others. This approximation assumes that all out-of-plane stresses are zero. As explained in [31] , a good example is a sheet of paper where the z-axis is perpendicular to the plane of the sheet. If the top and bottom surfaces of the paper are subjected to zero forces, then on those surfaces, we have
where σ is the Cauchy stress tensor and is symmetric. It is assumed and reasonable to expect that (3.12) holds through the thickness of the paper as well. It can be proved that this approximation is valid in the asymptotic limit h → 0, were h is the thickness of the sheet. Due to the plane stress assumption, the deformation gradient tensor F (2.2) and the left Cauchy-Green strain tensor B (2.3) 2 will be such that
Using (3.14), the 3D Cauchy-Green strain tensor B may, as in the plane strain case, be written as 15) where B denotes the 2D Cauchy-Green strain tensor. Therefore, the incompressibility condition (2.8) implies that
where I 2 = B xx B yy − B xy B yx , i.e. I 2 is the determinant of B. This shows that due to the plane stress assumption, a material which is incompressible in 3D will be compressible (i.e. not area preserving) in 2D. As shown in [20] , under the 2D plane stress assumptions we have the following relations between the invariants of B and B:
In plane stress, we may eliminate the pressure in the expressions for the Cauchy stress tensor in all models (2.13), (2.22) and (2.24). To do so, we use the plane stress assumption σ zz = 0 and the incompressibility constraint J = 1, (3.16), and (3.17). For the Neo-Hookean model this yields
with
For the two-parameter models we have We note that the scalar π is given by We note that in the case of plane stress, we are able to determine the pressure variable, π , in terms of the deformation and the material properties. This is not the case in plane strain, however, where the function π remains unknown, and must be eliminated or determined as part of the inverse problem solution. Thus we might expect immediately that plane strain inverse problem will be harder, since it has an additional unknown field, i.e. π (x), that is not present in the plane stress inverse problem.
Formulation of an inverse problem in incompressible nonlinear hyperelastic materials
In what follows, we establish data requirements, or uniqueness results, for a number of distinct but related inverse problems in 2D hyperelasticity. The class of inverse problems considered is exemplified by the following for a Neo-Hookean material in plane stress: given χ(X ) for X ∈ o ⊂ R 2 , a measured deformation field, with χ ∈ C ∞ ( o ) and satisfying certain compatibility conditions (to be determined), determine μ(X ) for X ∈ o so that equation (2.25 ) is satisfied, with σ given by (3.18) . This is the inverse problem for a Neo-Hookean material in plane stress. Hence the goal is to determine the shear modulus μ, subject to the constitutive relations for the Neo-Hookean material in plane stress. When considering a Neo-Hookean material in plane strain, on the other hand, only the constitutive equation constraint in the inverse problem statement is altered. That is, we would require σ to be given by (2.13), with B replaced by B.
We note that since we are given x = χ(X ), therefore F, B and B are given by equations (2.2), (2.3) and (3.6), respectively. Furthermore, physics stipulates the deformation x = χ(X ) to be one-to-one 4 , and therefore it has an inverse X = χ −1 (x) . Through this inverse, we may regard the given quantities to be expressed either as functions of the material coordinates X (as stated) or in terms of the spatial coordinates, x. Thus, for example, we may write
where x and X are related through x = χ(X ) and X = χ −1 (x). Consistent with conventional abuse of notation, we will not distinguish the functional dependence of a quantity, which is implied through context.
Plane stress inverse problem

Neo-Hookean model.
Theorem 1. Let x = χ(X ), with χ assumed to be C 2 , be a given deformation field defined on a simply connected domain that satisfies conditions (4.7) and (4.8) (derived below) in the whole domain. Then the dimension of the space of shear modulus distributions μ(X ), with μ being assumed to be C 1 , that satisfy the equilibrium equation (2.25) with σ given by (3.18) is 1.
Proof. We here consider a Neo-Hookean material under the 2D plane stress assumptions.
Introducing (3.18) into the equilibrium equation (2.25), we obtain
We recall that in (4.2), since χ is given, therefore B and hence the tensor A appearing in (4.2) are also known. Equation (4.2) is similar to the equation obtained in the infinitesimal deformation case in [24] . Therefore, using the same arguments as in [24] , we will show that one deformation is sufficient to find μ up to a multiplicative constant. Equation (4.2) may also be written in the form
Let us recall that μ > 0 and let q(x) = log(μ(x)). Thus, ∇q = ∇μ μ . Dividing (4.3) by μ gives
Solving (4.4) for ∇q and integrating yields
The integration in (4.5) may be taken along any path from a fixed point x 0 to the point x. Therefore, the solution for μ(x) is
The solution requires the specification of μ(x 0 ). Therefore, one deformation is sufficient to find μ(x) up to a multiplicative constant μ(x 0 ). Here, we find μ = μ(x); that is, we find μ = μ (x) (x) as a function of the spatial coordinates. We note that the shear modulus as a function of the material coordinates may be determined directly in terms of μ(x) as μ = μ (X ) (X ) = μ (x) (x)| x=χ(X ) . In order to write (4.5) and (4.6), we made two assumptions. First, for A −1 to exist, we need det A = 0.
(4.7)
Second, for the integral appearing in (4.5) and (4.6) to be path independent requires the integrand to satisfy
Conditions (4.7) and (4.8) are called the compatibility conditions. If the domain is multiply connected, then additional compatibility conditions would be required. In deriving our results below, we try to take advantage of the distinct physical meanings of the two material parameters, μ(x) and γ (x). The parameter μ(x) is the shear modulus at zero strain and hence governs the material behavior under small (infinitesimal) deformations. For sufficiently small deformation, we shall see that the stress is independent of the nonlinear stiffening parameter γ (x). Therefore, we shall consider a 'divide and conquer' kind of approach. We shall consider attempting to determine the spatial distribution of μ(x) from small deformations. Then, we shall consider μ(x) known and address the problem of determining γ (x) from a finite (i.e. 'large') deformation.
In particular, we will show the following two results. Proof of theorem 2. We consider the asymptotic limit δ → 0. Thus, in the small strain case,
. Hence the invariants of B, I 1 and I 2 may be written as
where δ 1 and δ 2 are the principal (infinitesimal) strains. Using (4.9) and (4.10), we conclude that
Using (4.9)-(4.11) and (3.21), (3.22) in (3.20), we conclude that 12) where A = ∇u + (∇u) T +2( 1 + 2 ) 1. Thus, the Cauchy stress tensor (4.12) is of the same form as (3.18) with δA known. So from a single small strain deformation we can find μ up to a multiplicative constant, as above. That is, we can determineμ(x), where μ(x) = Cμ(x), but we cannot determine the constant C without some additional information. We note further, that in this small strain situation, the stress is completely independent of the nonlinear material parameter γ . Hence, from small deformation data, there is nothing that can be learned about γ .
Proof of theorem 3. We now consider a second larger finite deformation and assume that μ is known a priori up to a multiplicative constant; that is, μ(x) = Cμ(x), withμ(x) known, and C = 0 unknown.
Introducing (3.20) into the equations of equilibrium (2.25) gives us
with α given by (3.21), and where
14) 15) are both known. We note that in arriving at (4.13), the unknown constant C cancels from the equation.
Equation (4.13) serves as a partial differential equation to determine α(x). Once α(x) is known, we can use its definition (3.21) to find the nonlinear material parameter γ (x).
Equation (4.13) is similar to the equation obtained in [24] . Therefore, using the same arguments as in [24] , the solution of equation (4.13) is .2) obtained in the Neo-Hookean case. By using the same arguments as in [24] , and as we recalled in the previous section, we find that the solution of the homogeneous equation is
Let us now obtain the expression of a particular solution of the non-homogeneous equation
The term in brackets in (4.18) is zero since α h is a solution of the homogeneous equation corresponding to (4.13). Equation (4.18) may thus be written as
Let us now solve equation (4.19) for ∇ f , and then integrate to find f (x):
In (4.20), we assumed, without loss of generality, that f (x 0 ) = 0. As in the Neo-Hookean case, there are solvability conditions. First, for the integral appearing in (4.20) to be path independent, the integrand has to satisfy (4.8). Second, for A −1 to exist, we need (4.7) to be satisfied. Finally, we need one additional integrability condition for (4.20) . This is
A particular solution of equation (4.13) is thus given by
The solution of equation (4.13) is thus obtained by adding up the homogeneous and particular solutions (4.17) and (4.22) . This solution requires the specification of α(x 0 ). Once α(x) is determined, equation (2.24) can be used to find γ (x) = log(α(x))/(I 1 − 3). Note that (I 1 − 3) > 0 for any nonrigid deformation. So in order to determine α and hence γ , we need to know γ and hence α at one point x 0 .
Plane strain inverse problem
The main difference between the incompressible plane strain inverse problem and the incompressible plane stress inverse problem arises due to the pressure term. The plane stress assumptions allow us to solve for π (x) directly in terms of the measured deformation and the material parameters, as shown in equations (3.23). Thus, the scalar field π (x) does not appear in the constitutive equation (3.20) . In the case of plane strain, on the other hand, the scalar field π (x) appears as an additional unknown in the constitutive equation (3.9) . This scalar field is related to the pressure distribution and must be determined as part of the inverse problem solution. The need to determine an additional unknown field essentially requires more data than in the case of plane stress.
In this section, therefore, we consider situations where we have observations of a body deformation in two or more distinct deformations. We first consider the Neo-Hookean material model, and then go on to consider the two-parameter models.
Neo-Hookean material.
Theorem 4. Let x
(1) = χ (1) (X ) and x (2) = χ (2) 
(X ) be two given deformation fields defined on a simply connected domain . Then the dimension of the space of shear modulus distributions μ(X ) that satisfy the equilibrium equation (2.25) with σ given by (2.13) is 4 . Note that χ and
μ are assumed to be C 4 .
Proof. We here consider a Neo-Hookean material of the form (2.12) under the 2D plane strain assumptions (3.4) and (3.5). Introducing the Cauchy stress tensor (2.13) into the equations of equilibrium (2.25) gives the two non-trivial equations of equilibrium directly in terms of the scalar π and the 2D left Cauchy-Green strain tensor B − ∂π
Equations (4.23) are two pairs of first-order partial differential equations for the two pairs of unknowns π (n) and μ (n) . One very important point is that the functions μ (x (1) ) (x) and μ (x (2) ) (x) appearing in (4.23) are formally different functions, though each represents the same quantity. The issue is that μ (x (1) ) (x) represents the shear modulus μ at the spatial location x (1) . If the material subsequently deforms according to x (2) = χ (2) (X ), the material that was at location x (1) now moves to a different location. Hence, the functions that describe the spatial distribution of material properties are different for each deformation.
In order to combine the information in equation (4.23) from both deformations, we choose to describe the material properties as functions of the material coordinates:
Therefore, we convert (4.23) to the reference configuration and analyze it there. We henceforth drop the superscript and recognize the μ ≡ μ(X ), and that all deformation measures (e.g. B, F, C) may be defined for either of the two deformations, .1), and using the chain rule
, allow equation (4.23) to be written as
In order to analyze the system for μ, we eliminate the pressure π (n) by multiplying this equation by F (n) iL and taking the curl of the resulting equation. Then, 27) where C LJ is the left Cauchy-Green strain tensor defined by (2.4), and the parameters in this equation are known in terms of the given deformation fields. The only non-zero contributions result from the values of M and L equal to 1 or 2, so that equation (4.27) may also be written in the form
As above, the superscript n = 1, 2 represents the two given deformations. Equation (4.28) is a second-order linear hyperbolic partial differential equation for each value of n. Indeed, the discriminant of (4.28) is equal to ( C
XY , which is strictly positive. Therefore the equation has real characteristics. The characteristic curves are parallel to the principal axes of strain and hence everywhere mutually perpendicular.
The corresponding analysis of the infinitesimal deformation case [25] leads to a formally equivalent set of linear second-order partial differential equations. Hence, we can use the results obtained in [25] to conclude the same as in the infinitesimal case. With one given deformation field, the set of all possible μ solutions is infinite dimensional. With two given linearly independent displacement fields with distinct principal directions, the set of all possible μ solutions is at most four dimensional.
The detailed proof of this result may be found in [25] , a generalization of which is described in the appendix for completeness. Equation (4.28) is a special case of (A.1) and (A.2) with γ replaced by μ and the coefficients of the nonlinear parameters, i.e. e (i) , f (i) and g (i) , set to zero.
Two-parameter models in plane strain: Veronda-Westmann, Blatz and modified Blatz.
Here we return to the consideration of material models defined by two material parameters. The models considered are the Veronda-Westmann model, the Blatz model and the modified Blatz model. In this section, we again restrict our attention to plane strain deformations. Hence, the relevant constitutive equation is (3.9) with G and E being defined by equation (2.24) considered known in terms of the given deformation. As in the plane stress case, we again use the divide and conquer approach and consider separately the case of given infinitesimal deformations and finite deformations. This will lead us to the following two results. (1) and u (2) be two independent given infinitesimal displacement fields defined on a simply connected domain . Assume that x
Theorem 5. Let u
(1) = χ (1) (X ) = X + δu (1) and (2) are known for all small δ > 0, and represent the corresponding deformation fields. Then the dimension of the space of shear modulus distributions that satisfy the equilibrium equations (2.25) with σ given by (3.9) is at most 4. The nonlinear material parameter, γ , is indeterminate from this or any other infinitesimal plane strain displacement field. Note that χ, μ and γ are assumed to be C 4 .
(X ) be two finite strain deformation fields defined on a simply connected domain . Furthermore, let μ(X )= Cμ(X ) be the shear modulus at zero strain, withμ(X ) known, but C possibly unknown. Then the dimension of the space of nonlinear parameter distributions γ (X ) that satisfy the equilibrium equation (2.25) with σ given by (3.9) is at most 4. The constant C, is indeterminate from these given data. Note that χ, μ and γ are assumed to be C 4 .
Proof of theorem 5. Following precisely the same arguments leading to (4.12), we find for the infinitesimal deformation case in plane strain ( 1 + 2 ) 1 in the modified Blatz case. Thus we see that for infinitesimal deformations, this reduces to precisely the linear elastic isotropic case studied in [25] . Hence we conclude that given two linearly independent displacement fields there are at most four possible μ that satisfy the equilibrium equations (2.25) with σ given by (4.29).
Proof of theorem 6. We now consider two finite deformations and assume that μ(X ) is known a priori. Introducing the Cauchy stress tensor (2.22) into the equations of equilibrium (2.25), we obtain
We now convert equation (4.30) to the reference configuration. Recalling (2.1), and using the chain rule
, equation (4.30) may now be written as
Multiplying this equation by F iL , and taking the curl, yield
As earlier, ε NML is the Lévi-Cività tensor. Here, we recall that we are assuming that μ is known and α (n) is to be found. Equation (4.32) may also be written as
where C LJ is the left Cauchy-Green strain tensor defined by (2.4). The parameters in this equation are known in terms of the given deformation fields. This equation has formally the same form for all three material models considered here. Equation (4.33) may also be written in the form
The principal part of this equation is identical for the three models considered here. The equations for all three models corresponding to (4.34) differ only in the terms with first derivatives and lower. Equation (4.34) is a quasilinear second-order hyperbolic partial differential equation. The discriminant of (4.34) is equal to
XY , which is strictly positive. As in the cases examined earlier, the real characteristics are parallel to the principal axes of strain.
While γ (X ) is a material parameter and hence is the same field for both deformations, α (n) is not. We recall that
. Introducing this definition of α (n) into (4.34), we obtain a second-order nonlinear partial differential equation for the material parameter γ itself:
The parameters in this equation are known in terms of the given deformation fields. This equation has formally the same form for all three material models considered here. Since we have two given deformations, the function γ (X ) must satisfy (4.36) for both deformation fields. As shown in the appendix, the space of functions for which this is possible is at most four dimensional.
Examples with uniform strains
Plane stress
Uniform compression or tension.
First, we consider a single deformation of the type uniform compression or tension, i.e we consider a deformation of the form , these equations yield the answer μ = μ 0 , where μ 0 is the prescribed value of μ at a point. Note that these conditions on λ i are identical to the compatibility condition det(A) = 0 (4.7). Thus, for a Neo-Hookean material in plane stress, uniform compressive (or tensile) strain implies μ is uniform, and is uniquely determined if it is specified at a point. This is consistent with our analysis presented in section 4.1.
For the two-parameter models, we first consider the infinitesimal strain case, that is,
In this case all models yield , that is det(A) = 0, these equations yield the answer α = α 0 , where α 0 is the prescribed value of α at a point. This in turn yields the answer γ = γ 0 (the prescribed value of γ at a point) given that λ
Note that this condition is equivalent to requiring C = 1, i.e. the material is strained. Thus, for the two-parameter models in plane stress, uniform infinitesimal and finite compressive (or tensile) strains imply that μ and γ are uniform, and are uniquely determined if they are specified at a point. This is consistent with our analysis presented in section 4.1.
Simple shear.
We consider a simple shear deformation of amount κ. Thus, let
in a rectangular Cartesian coordinates system Oxy. The corresponding gradient deformation tensor F and the left Cauchy-Green strain tensor B are given by
From the expression for B we conclude that I 1 = 2 + κ 2 and I 2 = 1.
Using these in the equations of equilibrium for the Neo-Hookean model yields
For κ = 0 (which ensures that det(A) = 0) these equations may be solved to obtain μ = μ 0 , where μ 0 is the prescribed value of μ at a point. Thus, for a Neo-Hookean material in plane stress, uniform shear strain implies that μ is uniform and is uniquely determined if it is specified at a point. This is consistent with our analysis presented in section 4.1.
For the two-parameter models, under the infinitesimal strain assumption, the equations of equilibrium imply κ ∂μ ∂y = 0, (5.13)
When κ = 0, that is det(A) = 0, these equations yield μ = μ 0 , where μ 0 is the prescribed value of μ at a point. For the two-parameter models with μ being known up to a multiplicative constant, that is, μ =μ (a constant), in the uniform shear case the equations of equilibrium yield
When κ = 0, that is det(A) = 0, these equations yield the answer α = α 0 , where α 0 is the prescribed value of α at a point. This in turn yields the answer γ = γ 0 (the prescribed value of γ at a point) given that κ = 0. Thus, for two-parameter models in plane stress, uniform infinitesimal and finite shear strains imply that μ and γ are uniform, and are uniquely determined if they are specified at a point. This is consistent with our analysis presented in section 4.1.
Plane strain for the two-parameter models
One deformation: uniform compression or tension.
We consider a single deformation of the type uniform compression or tension, i.e. we consider a deformation of the form 17) where λ 1 and λ 2 are constants. The incompressibility constraint (2.8) requires det F = 1, which implies λ 2 = λ −1
1 . Note that when λ 1 > 1, the deformation is a uniform extension in the 1-direction and a contraction in the 2-direction. When λ 1 < 1, the deformation represents a uniform contraction in the 1-direction and an extension in the 2-direction.
The deformation gradient tensor F and the right Cauchy-Green strain tensor C = F T F are thus given by
From the expression for C we conclude that I 1 = λ
1 and I 2 = 1.
Introducing F and C into the expression of the plane strain inversion equation for the two-parameter models (4.34), obtains
Because λ 1 = ±1, we obtain 20) and thus 
Let us recall that α(X, Y ) is given by (3.10) for the three two-parameter models considered here, and here in this special case, I 1 is constant.
Introducing (3.10) into (5.20) gives in each case the same equation
where
1 − 2 > 0 is a positive constant.
One deformation: simple shear.
Here we consider a simple shear deformation of amount κ. Thus, let
in a rectangular Cartesian coordinates system Oxy. The corresponding gradient deformation tensor F and the right Cauchy-Green strain tensor C are given by
Introducing F and C into the expression of the plane strain inversion equation for the twoparameter models (4.34), obtains
Let us recall that α(X, Y ) is given by (3.10) for the three two-parameter models considered here, and here in this special case, I 1 is constant. Introducing (3.10) into (5.20), gives in each case the same equation 
where a 1 and κ are defined as above for the two different deformations. Here, we shall consider the special case for which κ 2 = a 1 . Equation (5.21) and relation (3.10) may be used to write the general solution of equation (5.27) in terms of arbitrary functions f (X ) and g(Y ):
Since we are considering the special case κ 2 = a 1 , equation (5.30) thus simplifies to 
We note that this general solution is clearly four dimensional. Unlike the case for μ(X, Y ), however, the four-dimensional space is not a linear one. That is, the solution is not a linear superposition of four different functions, but is nevertheless four dimensional. Thus, this example shows how requiring γ (X, Y ) to satisfy two different partial differential equations from two different deformations determines its solution to within four constants. If we know γ at four well-chosen points or if we know γ along a curve, then the constants C 1 , C 2 , C 3 and C 4 appearing in (5.33) can be determined. That is all we need to determine γ uniquely everywhere.
Conclusions
In this paper, we studied the uniqueness for incompressible nonlinear hyperelasticity in two dimensions. We considered two classes of material models: those involving one material parameter and those involving two material parameters. Consistent with the results for the linear elastic inverse problem, we found that the plane stress inverse problem is much better conditioned than the plane strain inverse problem.
The one-parameter model considered was the Neo-Hookean model. Its one material parameter, μ, represents the shear modulus at zero strain. Though the analysis presented applies strictly to the Neo-Hookean case, any one-parameter material model in which the strain energy function were of the form W = μW (I 1 , I 2 ) would yield to similar analysis.
The two-parameter material models considered were the Veronda-Westmann model, the Blatz model and a modified Blatz model. In these models, the two material parameters, μ and γ , represent the shear modulus at zero strain and the degree of nonlinearity of the material, respectively.
The inverse problems considered were the following: given some number of measured (planar) deformations of a material, determine the material property distributions within that material. The goal of our study is to determine the number of deformations required to determine the material properties uniquely, with perhaps a finite set of calibration constants.
For the plane stress case, we found that, roughly speaking, one needs one measured deformation for each material parameter sought. For the Neo-Hookean case, one deformation determines μ(X ) up to calibration data. For the two-parameter models, one infinitesimal deformation determines μ(X ). Then given μ, one finite deformation determines γ (X ). In all cases, the material parameter is determined only up to a constant, and so a calibration datum for each material parameter field is required to complete the solution. This calibration could be, for example, the total applied force used to deform the material in each observed deformation.
For the plane strain case, on the other hand, much more data are required. We found that, again roughly speaking, one needs two measured deformations for each material parameter sought. For the Neo-Hookean case, two deformations determine μ(X ) up to calibration data. For the two-parameter models, two infinitesimal deformations determine μ(X ). Then given μ, two finite deformations determine γ (X ). In all cases, the material parameter is determined only up to four constants, and so four calibration data for each material parameter field are required to complete the solution. These calibrations could be, for example, the values of μ(X ) and γ (X ) at four points.
These results show that determining the material properties from measured deformation fields is feasible under the right conditions. It also shows that, except in the simplest case of a Neo-Hookean material deformed in plane stress, a single measured deformation is insufficient to determine even a single material parameter distribution. the extent of this constraint below. For now, we shall assume that the given data are consistent with both equations. Given these data, one may use (A.4) to determine γ (X ) in a square, S 1 , whose diagonal is the curve C
5
. The edges of the square have length L 0 / √ 2 and are rotated by an angle π/4 to the X − Y axes.
Evaluating γ (X ) and its derivatives on the boundary of S 1 provides a new set of Cauchy data defined on the boundary of S 1 . Using these data in equation (A.3) defines γ (X ) in a square domain S 2 that circumscribes S 1 , with edges aligned with the X and Y axes. Repeating this process produces a set of nested square domains. Square S j+1 circumscribes square S j . Those squares with even subscript have edges parallel to the X − Y axes; those with odd subscript have diagonals parallel to the X −Y axes. The process may be repeated until the entire domain is filled.
As mentioned above, the overdetermined system of equations does not permit Cauchy data to be prescribed arbitrarily. We will now show that the Cauchy data specified on the curve C must satisfy a fourth-order ordinary differential equation. To be precise, let us denote the Cauchy data we are given as γ (X, 0) = γ (X ) and Given γ (X ), the first-order ordinary differential equation (A.19) determines the function γ n (X ) up to a single constant. In this case, therefore, we again have a four-dimensional set of solutions. The function γ (X ) that satisfies equation (A.18) is sufficiently determined by specifying three initial conditions. Then given γ (X ), one more condition is sufficient to uniquely determine the function γ n (X ) that satisfies equation (A.19) .
